Abstract. This paper deals with an infinite-capacity multi-server queueing system with a second optional service (SOS) channel. The inter-arrival times of arriving customers, the service times of the first essential service (FES) and the SOS channel are all exponentially distributed. A customer may leave the system after the FES channel with probability (1-), or at the completion of the FES may immediately require a SOS with probability . The formulae for computing the rate matrix and stationary probabilities are derived by means of a matrix analytical approach. A cost model is developed to determine the optimal values of the number of servers and the two service rates, simultaneously, at the minimal total expected cost per unit time. Quasi-Newton method are employed to deal with the optimization problem. Under optimal operating conditions, numerical results are provided in which several system performance measures are calculated based on assumed numerical values of the system parameters.
Introduction
There are R channels (servers) that provide the first essential service (FES) as well as the second optional service (SOS) to arriving customers. The service times of FES and the SOS are exponentially distributed with mean and , respectively. As soon as the FES of a customer is completed, he may leave the system with probability (1-) or, opt for the SOS provided by the same server with probability . Each channel can serve only one customer at a time and it also provides only one of FES or SOS at a time. It is assumed that customers arrive according to a Poisson process with parameter and FCFS discipline is adopted. Customers who upon entry into the channel facility, find that all channels are busy need to wait in the queue until a channel becomes available. The various stochastic (arrival or service) processes involved in the system are independent of each other.
In many real service systems, one encounters numerous examples of the queueing situations where all arrivals require the main service and only some may request the subsidiary service provided by the channel. Analytic steady-state solutions of an M/M/R queue with a second optional channel have not been found. This motivates us to investigate an infinite capacity M/M/R queueing system with a SOS channel.
Markov chain model
For an infinite capacity M/M/R queueing system with second optional service (SOS) channel. The states of the system are described by the pair ), and , where denotes the number of customers in the FES channel (including customers waiting in the queue), and denotes the number of customers in the SOS channel. If , i.e., there are available servers, the customers upon to the server will get service immediately. If , i.e., all servers are busy, the new arriving customer must wait in the queue until a server becomes available. We define the following notations in steady-state:
, i j P ≡ probability that there are i customers in the FES channel and there are j customers in the SOS channel, where
The infinitesimal generator Q of the quasi birth-and-death (QBD) process describing the M/M/R queueing system with SOS channel is of the block-tridiagonal form (see Neuts (1981) 
Each entry of the matrix Q is a square matrix of order 1 R + listed as follows:
,0
where I is the identity matrix of order 1 R + , and 
, . (8) where 0 and e are column vector with dimension 1 R + and all elements equal to zero and one, respectively. By Theorem 3.1.1 of Neuts (1981) , the standard drift condition is < R XBe XC e, (9) which is the necessary and sufficient condition for stability of the QBD-Q process. Solving equation (8) to obtain X as
Substituting B and R
where
denotes the expected number of customers in the SOS channel. It is note that if or (i.e., =0), equation (11) could be reduced to the stability condition for the ordinary M/M/R queueing system without SOS channel.
, I is the identity matrix, and the tolerance δ .
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